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In this work, we investigate the topological phase transitions in graphene under the modulation of circularly
polarized light, by analyzing the changes of edge states and its topological structures. A full phase diagram, with
up to ten different topological phases, is presented in the parameter space spanned by the driving frequency and
light strength. We find that the high-Chern number behavior is very common in the driven system. While the
one-photon resonance can create the chiral edge states in the pi−gap, the two-photon resonance will induce the
counter-propagating edge modes in the zero-energy gap. When the driving light strength is strong, the number
and even the chirality of the edge states may change in the pi−gap. The robustness of the edge states to disorder
potential are also examined. We close by discussing the feasibility of experimental proposals.
I. INTRODUCTION
One of the central themes in recent condensed matter
physics is searching for new topological states, e.g. the topo-
logical insulators (TIs) [1, 2], which are insulating in the
bulk but support topologically protected metallic states at the
boundary. This area of studies has becoming more interesting
thanks to the introduction of periodical light to the existing
materials. Specifically, by applying periodic, short laser pulse
to topological, or even trivial, materials, the driven systems
are expected to undergo topological phase transitions, leading
to the so-called Floquet TIs [3, 4]. Floquet TIs are intrinsi-
cally different from the traditional TIs since they are in non-
equilibrium rather than in equilibrium. Experimentally, the
Floquet states have been reported to be observed on the sur-
face of Bi2Se3 [5] as well as in a hexagonal lattice made in a
photonic crystal [6].
Since the application of periodic light to the electron system
breaks the time-reversal symmetry (TRS), the resulted Flo-
quet TI belongs to the quantum anomalous Hall (QAH) class,
according to the ten-fold classification of topological matter
by dimensionality and certain discrete symmetries [7]. How-
ever, in contrast to the static TI characterized by Chern num-
ber, which, according to the bulk-boundary correspondence,
is directly related to the total number of edge modes in the
gap [8], for the Floquet TI, the topological states are intrin-
sically dynamical and the correspondence between the bulk
and edge states is more subtle. For example, for a two-band
two dimensional system under driving light, in addition to the
energy gap located near zero energy, another inequivalent gap
would appear at the boundary of first Brillouin zone (BZ) in
frequency domain, and in some cases, it would support chiral
edge modes despite the fact that the Chern numbers associated
with both bands are zero. Therefore, the Chern number char-
acterization in static system is insufficient to describe its topo-
logical structure. One approach to this problem is proposed
by Rudner et. al [9], in which a new topological invariant is
constructed that yields the correct edge state structure in the
driven case.
For graphene in particular, it has been proposed that the
application of polarized light can turn the trivial equilibrium
bands into the nontrivial Floquet TI and different dynamical
generalizations of static topological phases can be achieved
[10–21]. However, a global phase diagram that can provide us
with the information about the specific phase for certain driv-
ing protocol has not yet been reported. In Ref. [16], a phase
diagram in the parameter space spanned by the field ampli-
tude and phase polarization has been reported for the modu-
lated honeycomb lattices. Since the driving frequency plays
a more important role in determining the topological property
of the system, here we try to derive the phase diagram con-
taining the driving frequency by using the Floquet theorem.
The phase diagram will be calculated by analyzing the edge
states and the topological structures. We will mainly focus on
the drivings of intermediate frequency that is comparable to
the bandwidth of the system.
As the band overlap may occur in the whole momentum re-
gion, compared with many previous studies which focus on
the low-energy approximation, here the exact diagonalization
calculation is more reliable. Our work shows that phase dia-
gram of the driven graphene ribbon contains up to ten differ-
ent topological phases, in the parameter space spanned by the
driving frequency and light strength. Among them, exist the
phases with high-Chern number (Chern number larger than 1)
as well as the phases with counter-propagating edge modes in
the gap. In each phase, the topological structure and its phys-
ical origin are analyzed. We also examine the robustness of
the edge states to the inevitable disorder potential. Finally, the
possible experimental proposals of the driven graphene results
and the detection method are discussed.
II. MODEL AND METHOD
We start from the noninteracting electron system defined
on a honeycomb lattice and coupled to a circularly polarized
light. For the polarized light, only the effect of its electric
field part is considered, while that of the magnetic field part
is neglected. The electric field is assumed to be in-plane and
spatially homogeneous. We can describe the polarized light
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2by the vector potential A(τ) = A0(cosωτ, sinωτ), where A0 is
the amplitude and ω = 2piT is the frequency. In general, the
interaction between the light and electrons can be included in
the hopping integrals as ti j(τ) = teiAi j(τ) where t is the nearest-
neighboring hopping strength and Ai j(τ) = e~A(τ) · (ri − r j) is
the phase factor which strongly depends on the hopping direc-
tion.
As the whole system is time-periodic, the powerful Flo-
quet theorem [22, 23] can be applied. The two-component
wavefunction ψk(τ) encoding the time-dependent amplitudes
on each sublattice can be written as ψk(τ) = e−ikτ/~uk(τ),
where k is the quasienergy and uk(τ) = uk(τ + T ) is the pe-
riodic function. Substituting ψk(τ) into the time-dependent
Schro¨dinger equation i~∂τψk(τ) = H(τ)ψk(τ), the latter will
be reduced to the following eigenvalue problem:
HF(k, τ)uk(τ) = kuk(τ), (1)
where HF(k, τ) = H(k) − i~ ∂∂τ is the Floquet Hamiltonian.
We can expand uk(τ) into the Fourier series as uk(τ) =∑∞
n=−∞ unkeinωτ, in which unk = (unkA, unkB)T denotes the nth
Floquet mode corresponding to the quasienergy k. Using the
formula of eizcosωτ =
∑∞
n=−∞ Jn(z)ein(ωτ+
pi
2 ), with Jn(x) the n-
th order Bessel function, Eq. (1) can be written as the time-
independent form:
nωunkA − t
∑
m
Jm(α) fmkun−mkB = kunkA, (2)
−t
∑
m
Jm(α)gmkun+mkA + nωunkB = kunkB, (3)
where t is the nearest-neighbor (NN) hopping integral and
α = eA0a0c is the dimensionless strength parameter for light.
The functions fmk = eik·a1 + ei(k·a2+
4mpi
3 ) + ei(k·a3+
2mpi
3 ) and
gmk = e−i(k·a1+mpi) + e−i(k·a2−
mpi
3 ) + e−i(k·a3+
mpi
3 ), where al =
a0(cosβl, sinβl) are the NN vectors for a honeycomb lattice
and βl =
(4l−1)pi
6 . Note that ( fmk)
∗ , gmk. Therefore, one
has the infinite dimensional eigenvalue problem in the direct
product Floquet space of R⊗T [23], with R being the usual
Hilbert space and T the space of periodic functions spanned
by the function of exp(inωt). To solve it effectively, we follow
the standard procedure to truncate the Floquet Hamiltonian
HF into a finite dimensional matrix with −M ≤ n ≤ M [9].
This is justified because the n−th Floquet component unk de-
cays rapidly with |n| beyond a finite range in the frequency
space. In actual calculations, when choosing M = 5 the accu-
rate results can be obtained already.
In a periodically driven system, the temporal periodicity
gives rise to the periodicity in frequency space, that is, the
quasienergy k is equivalent to k + pω for any integer p.
Therefore, we often set the quasienergy to live within the
quasienergy Brillouin zone (QBZ) as k ∈ [−ω2 , ω2 ]. In the
system, we should distinguish two kinds of gaps [16]: the
zero-energy gap ∆0 between the conduction and valence bands
within n = 0 Floquet bands as well as the pi−gap ∆pi separating
the conduction and valence bands of the neighboring Floquet
bands. Physically, the zero-energy gap is caused by the first-
order perturbation contribution of virtual processes involving
the photon absorption and emission in which the two pro-
cesses do not commute and thus impart an effective mass to
the low-energy Floquet states, while the pi−gap is produced
by the avoided crossings between the n = 0 and n = ±1 Flo-
quet bands [17, 24].
As there are two inequivalent gaps which will not close si-
multaneously, there may be topologically distinguished states
but with the same Chern number. When the edges are present
in the system, we consider the upper edge of the system and
denote the number of chiral edge modes propagating in the
xˆ(−xˆ) direction by n+u (n−u ), where the index u = 0, pi character-
izes the zero-energy gap and the pi−gap, respectively. Rud-
ner et al. showed the net chiralities of the edge modes as
C0 = n+0 − n−0 and Cpi = n+pi − n−pi . Further the Chern number
of the conduction band in the Floquet system can be obtained
from the net chiralities as C = C0 −Cpi [9].
In the numerical calculations, the number of n+u and n
−
u
can be obtained exactly by counting the edge states from the
ribbon dispersion according to the bulk-edge correspondence
[25, 26]. In the quasienergy spectrum, besides the bulk bands,
there exist edge states, which always appear in pairs. Each
pair of chiral edge states contributes one unit to n+(−)u in the
corresponding gap. More precisely, to evaluate n+(−)u , we need
to take into account their locations (upper or bottom edges),
which can be determined by analyzing their wave functions,
as well as their directions (right or left) of propagation, which
can be obtained from the sign of the group velocity ddkx .
III. MAIN RESULTS
Phase diagram. – The graphene system under the modula-
tion of light can exhibit diverse topological edge states, whose
behavior strongly depends on the driving frequency ω and
the light strength parameter α. In the high-frequency regime
ω  W where W = 6t is the bandwidth, the Floquet Hamilto-
nian in Eqs. (2) and (3) is approximately block diagonal. The
neighboring Floquet bands are decoupled and well separated
by a shift of ω. When the frequency decreases and becomes
comparable to the bandwidth ω ∼ W, a hierarchy of band-
crossings will appear, giving rise to energy gaps that may
hold edge states. As a result, the number of edge states will
change and the topological phase transition happens. Phys-
ically, the band-crossings can be understood as one-photon
or multi-photon resonance. When the frequency further de-
creases and is much smaller than the bandwidth ω  W, such
band-crossings become serious. The gap between the neigh-
boring Floquet bands, as well as the edge states within it, thus
become obscure [16]. Because of this reason, we mainly focus
on the case of intermediate-frequency ω ∼ W, even though it
is expected that graphene under low-frequency driving would
host new states that are absent in the high-frequency region.
As for the parameter α, it renormalizes the hopping integrals,
and thus leads to the change of the bandwidth W and corre-
spondingly to the change of the topological structure of the
system.
The distinct topological phases hosted by periodically
driven graphene can be classified according to the net chiral-
ities of the bulk bands (C0,Cpi) and the characteristics of the
edge states in the quasienergy spectrum. The resulting phase
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FIG. 1. (Color online) Phase diagram of periodically driven graphene
in the parameter space spanned by α and ω. Each phase (A to J) are
characterized by (C0,Cpi). We have labeled the phase boundary as
solid lines when zero-energy gap is closed and as dotted lines when
pi−gap is closed.
A B C D E F G H I J
(n+0 , n
−
0 ) (0,1) (0,1) (1,1) (2,2) (0,1) (1,1) (0,1) (1,1) (2,2) (2,2)
(n+pi , n
−
pi ) (0,0) (2,0) (2,0) (2,0) (0,4) (0,4) (0,2) (0,2) (0,4) (0,2)
C0, Cpi -1,0 -1,2 0,2 0,2 -1,-4 0,-4 -1,-2 0,-2 0,-4 0,-2
C -1 -3 -2 -2 3 4 1 2 4 2
TABLE I. The topological characteristics of each phase from A to J,
where (n+u , n
−
u ) give the number of chiral modes within different gaps,
Cu = n+u − n−u denotes the net chirality and C = C0 − Cpi is the Chern
number of the Floquet system.
diagram in terms of the driving parameters α and ω is shown
in Fig. 1. Similar diagrams are presented in Ref. [21], where
the phase transitions in 0 gap and pi gap are separately dis-
cussed. We can see that the system undergoes versatile phase
transitions as a function of α and ω. For the range of param-
eters shown, there are five possible phase transition bound-
aries which divide the parameter space into ten phases labeled
as A to J. All phases have well-defined quasienergy bands:
both the zero-energy gap and pi−gap are well formed. Here
the neighboring phases are always separated by a transition
boundary, where the band gap closes at certain value of kx and
the band inversion occurs. At the phase boundaries, either
the zero-energy gap or pi−gap is closed, which are denoted,
respectively, by solid lines or dashed lines.
To better illustrate these phases, in Table I, the topological
characteristics of each phase are summarized, including the
number of chiral modes (n+u , n
−
u ), the net chirality Cu within
different gaps and the Chern number C of the Floquet system.
It shows that in these phases except phase A, there are more
than one pair of edge states in the zero-energy gap or pi−gap,
indicating the high-Chern number behavior is very common
in the Floquet system. For the chiralities of these edge states,
we find that the edge states in the pi−gap always have the same
chiralities while in the zero-energy gap, the chiralities may be
different (see, phase C, F and H). Across the phase transition
boundaries along which the zero-energy gap or pi-gap close,
the Chern number |C| is changed, respectively, by 1 and 2.
It should be noted that for phases C and D, although they
own the same net chirality and the same Chern number value,
they have different topological structures as the number of chi-
ral modes in the zero-energy gap are different, which can be
seen in Fig. 3(c) and (d) below. The arguments are the same
for phases F and I as well as H and J. This suggests the
Chern number alone is not enough to describe the number of
edge states. We need to take into account of the symmetry
and the topological structure of the Floquet Hamiltonian to
understand the topological properties of the driven system.
Ribbon dispersion.– Next in Fig. 2, the representative spec-
tra of phases A to H are shown for a ribbon structure with 200
lattice in the y direction and infinitely long in the x direction.
Due to the periodicity of the Floquet system, we only plot the
quasienergy in the range of (−0.65ω, 0.65ω). It shows clearly
that in all these phases, there exist a pair of chiral edge states
crossing at the Dirac point kx = pi in the zero-energy gap. Such
edge states are the same for all different values of photon fre-
quencies and light strength. They come from the linearity of
the graphene bands around the Dirac point and have no rele-
vance from the photon resonances.
For the ribbon structure, the quasi-energy spectra evidently
exhibit several nice symmetries of the Floquet Hamiltonian.
First, the Floquet system has the symmetry of spatial inversion
and is invariant under the operation of kx → −kx and y→ Ly−
y. Thus an edge state solution (kx) implies the existence of
another edge state solution (−kx) (or (2pi−kx)) with the same
quasienergy but localized at the opposite edge. Therefore, the
edge states at kx , 0, pi always come in pairs. Second, the
Floquet system exhibits the particle-hole symmetry (PHS): if
(kx) is a quasienergy eigenvalue, another solution of −(kx)
must exist correspondingly. In addition, the PHS combined
with the periodicity of the Floquet Hamiltonian lead to the
symmetry around  = ω2 . In the following, we will discuss
these phases one by one.
(1) In phase A, i.e. in the high-frequency regime, the elec-
tron cannot directly absorb photons due to the off-resonant
light. In pi−gap, as there exist no edge states, it is topologically
trivial. The effective Hamiltonian can take the same form as
the static Hamiltonian, only with the hopping integrals being
replaced by the effective ones ti j → tJ0(α). Here the renor-
malized hopping integrals to the lowest-order do not depend
on the hopping directions. Therefore the driven system can be
well compared with the static one except for the renormalized
hopping integrals. Early studies about the Floquet TI were
mainly focused on this phase [10, 12, 27].
(2) In phase B, there are two pairs of edge states in the
pi−gap. We can see the conduction band of n = 0 Floquet band
overlap with the valence band of n = 1 Floquet replica, lead-
ing to the band inversion around the pi−gap. At  = ω2 , the en-
ergy difference between the valence and conduction bands is
precisely ω [30], which allows for the one-photon resonance.
Note the chiralities of edge states here are different from those
in the zero-energy gap. The transport properties about the dc
conductance and quantum Hall response have been investi-
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FIG. 2. (Color online) Quasienergy spectra of a finite ribbon (in the y direction) of the periodically driven graphene system. The eight panels
correspond to phase A-H, as shown in Fig. 1, respectively. From (a) to (h), the parameters of the driving (α, ω) are taken as (0.7, 6), (0.7, 4),
(0.7, 2.25), (0.7, 1.52), (1.3, 2.3), (1.3, 1.8), (1.45, 1.55), (1.45, 1.65). Edge states localized on the upper and bottom edge are shown in red and
blue, respectively.
gated in this phase [17], where the transport signatures were
suggested to be dominated by the time-averaged density of
states.
(3) In phase C, inside the zero-energy gap, it shows that be-
sides the edge states at kx = pi, there appear additional ones at
kx = 0. More importantly, the chiralities of these edge states
are opposite with those at kx = pi, i.e. they propagate along
the opposite directions at the same edge. Therefore, the states
at kx = 0 are called the counter-propagating edge modes. The
corresponding topological numbers give n+0 = n
−
0 = 1. This
is in sharp contrast with the static TIs or the QH effect where
the edge states in the same gap must own the same chiral-
ity. Compared with the previous studies, where the counter-
propagating edge modes are predicted to appear in the pi−gap
of the periodically driven QH system (either the periodically
kicked [28] or harmonically driven [29] Hofstadter model ),
here our study shows that such modes can also appear in the
zero-energy gap of the periodically driven graphene.
Evidently in Fig. 2(c), to avoid the band-crossings between
the valence band of n = 1 Floquet band and the conduction
band of n = −1 Floquet band, the band inversion happens
around  = 0 which creates the counter-propagating edge
modes. At  = 0, the energy difference between the con-
duction band and the valence band is 2ω [30], so the edge
states can be regarded as being induced by the two-photon
resonances. In the framework of the low-energy effective the-
ory, Quelle et al. recongnized the significance of the band
inversions and referred the edge states appearing at kx = 0
as a realization of the Bernevig-Hughes-Zhang model of the
HgTe/CdTe quantum well [19].
(4) Phase D can be obtained from phase C by decreasing
the frequency. Intrinsically it has same topological structure
as phase C. However, within the zero-energy gap, the original
linear structure of the edge states in phase C evolves into a
helical structure, that is, the modes around kx = 0 cross each
other for three times. This means that the propagation direc-
tion of the original edge states at a given edge changes. Cor-
respondingly the topological numbers give n+0 = 2, n
−
0 = 2.
However, the net chiralities remain the same as in phase C.
The helical structure in the low-frequency region can be at-
tributed to the nonlinearity of the bands near kx = pi.
(5) Phase F can be treated as one obtained from phase by
increasing the driving magnitude. The difference with phase C
is the appearance of four, instead of two, pairs of edge states
within the pi−gap. Moreover, these four pair of edge states
have the same chirality, but opposite to those in phase C. The
topological number n+pi vanishes while n
−
pi = 4. This topolog-
ical phase transition is accompanied by the change of Chern
number of conduction band from −2 to 4.
(6) Phase H is obtained from phase F by further increase of
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FIG. 3. (Color online) (a) The quasienergy eigenvalues of a periodically driven graphene on a finite 40 × 20 lattice for α = 1.3 and ω = 1.8,
corresponding to phase F in Fig. 2. The horizontal axis is the index of the eigenvalues. The curve I is the spectrum without perturbation,
while II and III are for case (1) and (2), respectively. They have been shifted vertically from each other for clarity. (b),(c) Contour plot of the
wavefunction in the Floquet system when disorder exist. The parameters used for (b) and (c) correspond to the crosses in line II and III in (a),
respectively.
the driving magnitude. Within the pi−gap, exist two pairs of
edge states with the same chirality as in phase F. Correspond-
ingly, the Chern number of the conduction band changes from
4 to 2. From the phase diagram in Fig. 1, it shows only when
the light strength α is large that the topological structures that
are similar to phase F and H may happen in the pi−gap. This
is because the structures of the Floquet bands are changed (not
only becoming flat) due to the strong light field. As a result,
the Chern number will change in each Floquet band and the
edge states with different number and chirality will appear.
Here we have studied different topological phases of the
periodically driven graphene and found several new phases,
from D through H, which exhibit novel topological structure
that have not been discussed before. Our analysis suggest that
the one-photon resonances can create the edge states in the pi−
gap, while the two-photon resonances will induce the counter-
propagating edge states in the zero-energy gap.
Robustness of the edge states.– As the driven topological
phases belong to the QAH class [7], the edge states should
not be affected by the disorder potential inevitably presenting
in real materials. Here we try to numerically check the robust-
ness of the edge states by solving the quasienergy of periodi-
cally driven graphene. The size of the system is set as Lx ×Ly.
We choose the periodic boundary condition in the x−direction
and open boundary condition in the y−direction. Two kinds
of static perturbations are considered: (1) random onsite po-
tential Ui ∈ [− t2 , t2 ]; (2) exceedingly strong onsite potential
U ∼ 103t on the edge (at position (20, 1)). In Ref. [20], the ro-
bustness was also tested against vacancies included randomly
with a very low density.
In Fig. 3(a), we plot the quasienergy spectra of the driven
system with the above perturbations included. For compari-
son, the quasienergy spectra without disorder is also plotted
as curve I. For curve II, it shows due to the scattering of the
impurity potentials, more bulk states are scattered into the
zero-energy gap and pi−gap, so the curve becomes smooth.
While for curve III, the strong onsite potential shows minor
influence on the low-energy spectra. The results demonstrate
the robustness of the edge states, similar to the static ones.
Further in Fig. 3(b) and (c), we plot the contour of the wave-
function ψ(x, y, t = 0) corresponding to quasienergy  = 0 and
 = ω2 . We note the main contribution to the wavefunction
comes from the n = 0 Floquet component, indicating the cor-
rectness of the cutoff of the photon number in the calculation.
For the given quasienergies, the wavefunctions are both local-
ized on the upper edge. Compared with the unperturbed case,
the presence of disorder distorts the wavefunction but does not
break the property of edge states.
IV. DISCUSSIONS AND SUMMARIES
We discuss the feasibility of our results in experiment. The
periodically driven graphene system exhibiting the topologi-
cal nontrivial phases have been proven to be realized in dif-
ferent physical setups. In real graphene material the rel-
evant hopping parameter is t = 2.7eV and the NN bond
length a0 = 1.4Å, which requires rather strong driven light
field with the frequency in the THz region and the amplitude
A0 ∼ 10−2V·s/m. There are also proposals with artificial hon-
eycomb structure where the bands can also be described by
the tight-binding model, such as the photonic crystals [6] with
extended helical wave guides in the third spatial dimension as
well as the shaken optical lattices [31, 32]. In addition, the mi-
crowave honeycomb crystals [33] have also been put forward,
where the hopping parameter is of the order of a few MHz
[33] while the driving frequency can be varied up to GHz [34],
which makes the experiment more easily to operate.
The Floquet spectrum and the gaps due to the photon
resonance in the driven system can be detected by using
the ARPES technique, as recently demonstrated on the sur-
face of 3D TI [5]. The edge modes in the nontrivial gap
can be detected by measuring the spectral function ρ(kx, ω)
[35, 36], which is well captured by momentum-resolved
6radio-frequency spectroscopy [37]. On the other hand, the
transport properties of electrons [17] may provide the direct
signal of the nontrivial phase in the driven system. However,
there are less studies in this topic [17] and further investiga-
tions are needed in the future.
In summary, we have studied the driven graphene under the
circularly polarized light and obtained a global phase diagram
as a function of the frequency and strength of the light. We
analyze the topological structures of different phases in de-
tail, especially the the high-Chern number behavior and the
counter-propagating edge modes. We suggest such counter-
propagating modes may exist only in the driven system. In
addition, we demonstrate the robustness of the edge modes.
Our work may deepen the understanding of the driven non-
equilibrium system and help us to search the new topological
states of matter.
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